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Abstract: Optical elements coupling the spin and orbital angular momentum (SAM/OAM) of
light have found a range of applications in classical and quantum optics. The J-plate, with J
referring to the photon’s total angular momentum (TAM), is a metasurface device that imparts two
arbitrary OAM states on an arbitrary orthogonal basis of spin states. We demonstrate that when
these J-plates are cascaded in series, they can generate several single quantum number beams
and versatile superpositions thereof. Moreover, in contrast to previous spin-orbit-converters, the
output polarization states of cascaded J-plates are not constrained to be the conjugate of the input
states. Cascaded J-plates are also demonstrated to produce vector vortex beams and complex
structured light, providing new ways to control TAM states of light.
© 2019 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1.

Introduction

In 1909, Poynting realized that circularly polarized light carries angular momentum [1] that is
now known as spin angular momentum (SAM) [2]. A beam’s SAM carries a value of S = σ~
per photon, where σ is ±1. Orbital angular momentum (OAM), however, is independent of the
beam’s polarization. It arises from its helical phase front. The Laguerre-Gaussian modes have
been widely used in laser cavities [3, 4] and optical vortices [5]. It took until 1992, however,
for Allen et al. to point out that these beams with the azimuthal phase ei`φ carry an OAM of
L = `~ per photon, where ` is an integer [6]. These beams have a phase singularity on axis,
while the Poynting vector spirals around it. This results in annular intensity profile and spiral
interference pattern obtained upon interference with a reference beam of uniform phase. The
beam’s total angular momentum (TAM)—in the paraxial approximation—is a sum of the spin
and orbital contributions J = (` + σ)~ per photon. The electromagnetic field has a well-defined
total angular momentum J, but the separation specifically into spin and angular components is
one of convenience and is not unique, rigorously speaking [7]. While it is inherently difficult
to measure the SAM and OAM of a single photon, doing so for a beam is straightforward. We
can measure the spin with quarter-wave plate and polarizer and the OAM quantum number by
observing the number of arms in the aforementioned interference pattern.
There are many methods to generate OAM-carrying beams in free space [6,8–10] and as surface
waves [11, 12], and many applications have been demonstrated, such as optical tweezers [13],
optical communication [14–16], quantum entanglement [17–19], super-resolution imaging [20],
quantum memory [21], lasers and microlasers [22, 23], OAM-molecule interaction [24], etc.
In many of these schemes, the incident beam’s polarization has no relation to the OAM of
the generated beam. In a class of devices known as spin-orbit converters, however, the output
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OAM state depends explicitly on the polarization of incoming light. One such device, known
as a Q-plate, is one of the common methods used to generate OAM beams by spin-to-orbital
conversion [25,26]. Q-plates mainly refer to the implementation realized using liquid crystals, e.g.
special light modulator (SLM) that allow producing dynamical diffraction patterns [22,26], but the
relatively large pixel size limits the beam quality and efficiency. Dielectric metasurfaces composed
of sub-wavelength artificial structures enable spatial modulations of phase and polarization on
demand [27]. This enables high-efficiency spin-orbital conversion and vortex beams with high
and even fractional topological charges [28, 29]. Regardless of their particular implementation,
Q-plate devices have two restrictions inherent in their construction. First, they operate on a
circular polarization basis (|Ri or |Li). Second, the output OAM states corresponding to these
circular polarizations are constrained to hold conjugate (equal and opposite) values (` and −`).
Here, we use two kets to describe spin and orbital states in Fig. 1. A schematic of a Q-plate is
shown in Fig. 1(a).
Recently, designs utilizing independent phase control of two arbitrary orthogonal polarizations
have been shown to overcome these restrictions [30, 31]. Previous works demonstrated nonconjugate OAM beams [30] and hologram images [31] imparted in the circular polarization basis,
overcoming the second restriction stated above. The first restriction was recently overcome in
the form of the J-plate, a metasurface device that may impart two arbitrarily specified helical
phase fronts on two arbitrary orthogonal spin states (Fig. 1(b)) [32]. That is, the two possible
output orbital states |mi and |ni can be independent. This cannot be achieved with Q-plates or
with SLMs. The name J-plate refers to the variable denoting the photon’s TAM. However, one
restriction remains: The output polarization states must be the same states as the input states
with flipped handedness (|(λ+ )∗ i and |(λ− )∗ i) if a single layer of metasurface elements with only
linear structural birefringence is used [30–32].
In this work, we develop the notion of cascaded J-plates, that is, two J-plates placed after
another in series. These cascaded J-plates may generate versatile TAM states, notably without the
aforementioned restriction in [32]. That is, the output polarization states can be another arbitrary
orthogonal polarization basis (|κ + i and |κ − i) independent of input polarization basis (|λ+ i and
|λ− i) (Fig. 1(c)). The number of J-plates cascaded is not limited to just two. We demonstrate two
and the method can extend to more than two. Figure 2(a) illustrates the concept of a cascaded
two J-plate system. When the incident polarization state |Ψi i passes through the first J-plate
(represented by the Jones matrix operator J1 ), J1 |Ψi i emerges. The state J1 |Ψi i could be one
of the two design OAM states or a superposition. We assume that the second J-plate (J2 ) has
different eigen-polarization states than the first J-plate. After J1 |Ψi i passes through the second
J-plate, J2 J1 |Ψi i results in four possible design TAM states or their superposition. Finally, an
analyzer can follow the cascaded J-plate system, and can take the form of a single polarizer to
filter out a linear polarization state or a combination of a quarter-wave plate and a polarizer to
filter out a circular or a desired elliptical polarization.
As in other literature in field of optical orbital angular momentum [33, 34], we use the term
separable state to refer to a beam with simply separable spin and orbital states, i.e., the separable
state can be written as a single direct product of spin state and orbital state. Otherwise a beam
is a non-separable state. Separable states have a uniform polarization distribution across their
wavefront (i.e., a scalar vortex beam) such that the spin and orbital states can be determined
separately, whereas non-separable states may have spatially-varying polarization, as found in
vector vortex beams, Poincaré beams, etc. By selecting the incident polarization state |Ψi i or
the analyzer (given by the operator |Ψa ihΨa |), we show below that the output states can take the
form of single quantum number beams (separable states), a superposition of two or four TAM
states (non-separable TAM states), a vector vortex beam, and other symmetric rotation patterns
formed by differently-phased superpositions. Moreover, we can generate the same combinations
of OAM states with different output spin states (polarization) by changing the order of J-plates in
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Fig. 1. Conceptual schematic of three types of spin-orbit converters: Q-plate, J-plate, and
cascaded J-plates. (a) Q-plates operate on a circular polarization basis (|Ri or |Li) and the
output OAM states corresponding to these circular polarizations are constrained to hold
conjugate (equal and opposite) topological charges (|`i and |−`i). (b) J-plates operate on
arbitrary orthogonal polarization basis ( λ+ or |λ− i) and the two possible output orbital
states |mi and |ni can be independent. But the output spin states, or polarizations, on which
these vortex beams are imparted must be the same states as the input spin states with flipped
handedness (opposite sense of rotation). (c) Cascaded J-plates overcome the restriction
mentioned above. The output spin states can be another arbitrary orthogonal polarization
basis ( κ + and |κ − i) independent of the input polarization basis ( λ+ and |λ− i). Here, two
kets are used in succession to describe spin and orbital states.

the pair; the output polarization state of the beam is determined by the eigen-polarization states
of the last J-plate. This degree of freedom of the cascaded J-plate system can also be used to
produce versatile TAM states and complex structured light.
2.

J-plate design and fabrication

The J-plate is an arbitrary spin-to-orbital angular momentum converter that can transform
two orthogonal input polarizations (denoted by|λ+ i and |λ− i) to a basis of output orthogonal
polarizations with flipped handedness (|(λ+ )∗ i and |(λ− )∗ i) carrying different OAM states, |mi
and |ni, with m and n denoting the imparted OAM quantum numbers. In this work, |mi refers
to the spatial, OAM-carrying phase profile of the beam, i.e., |mi = exp{imφ} where φ is the
azimuthal coordinate on the metasurface. In a general case, we allow the input light to have a
non-zero OAM quantum number, denoted by `. The action of the J-plate can then be written as
J λ+ |`i = (λ+ )∗ |` + mi

(1)

J |λ− i |`i = |(λ− )∗ i |` + ni .

(2)

and

The eigen-polarization states (or basis, two arbitrary orthogonal polarization states) and their
complex conjugates (with flipped handedness) can be written in a general form:
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Fig. 2. (a) Schematic: Cascaded J-plates enable the generation of versatile total angular
momentum (TAM) states of light. Bra-ket notation is used for describing how the J-plates
(J1 and J2 ) and analyzer (|Ψ a ihΨ a |) operate on the incident state (|Ψi i). Versatile TAM
states (|Ψ a ihΨ a | J2 J1 |Ψi i) can be generated by selection of incident state, analyzer state,
and the order of J-plates. (b) The higher order Poincaré sphere (HOPS) is a convenient
representation to understand the action of the J-plate on incident light. Two HOPSs represent
the functionality of the J-plates J1 (top) and J2 (bottom). Red dots i-iv mark the eigenpolarization states and designed TAM states that J1 and J2 can generate: |xi |mi and |yi |ni
for J1 (top) and |Ri |pi and |Li |qi for J2 (bottom). (c) Phase profiles to be imparted on the
eigen-polarization states i-iv of each J-plate. The phase is from two terms, an azimuthal
phase factor of exp(i`φ) and a grating phase along x-axis exp(ik x sin ζ) for tilt output. The
parameters `, and ζ are OAM quantum number and tilt angle of the output beam, respectively.
(d) SEM images of J1 and J2 samples.
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where χ and δ are the orientation angle and double ellipticity angle of a polarization state,
respectively.
We design two J-plates to work with different polarization bases. The first J-plate (J1 ) is
designed to work in the linear polarization basis, with χ = 0, δ = 0, yielding |xi and |yi as
eigen-polarizations (i.e., simple x- and y-polarized light). The second J-plate (J2 ) is designed to
work in a basis of circular polarization states, with χ = π/4, δ = π/2, yielding |Li and |Ri as
eigen-polarizations. As such, they perform the transformations
J1 |xi |`i = |xi |` + mi ,

(4)

J1 |yi |`i = |yi |` + ni ,

(5)

J2 |Li |`i = |Ri |` + pi ,

(6)

J2 |Ri |`i = |Li |` + qi ,

(7)

where parameters m, n, p, and q are designed OAM quantum numbers. To implement the
transformations J1 and J2 , single layer metasurfaces with linear structural birefringence are
used [32]. Figure 2(b) shows the higher-order Poincaré sphere (HOPS) representing all possible
TAM states produced by J1 (top) and J2 (bottom). The three axes S1 , S2 , and S3 correspond to
polarization states |xi, |45◦ i, and |Ri in the positive direction and |yi, |135◦ i, and |Li in the
negative direction. Any polarization state specified by χ and δ can be assigned a position on the
Poincaré sphere with the azimuthal angle (2 χ) and polar angle (π/2 − δ). The red circles mark
the designed eigen-TAM states that each J-plate produces. To satisfy Eqs. (4)-(7), the required
Jones matrix for J1 and J2 as a function of φ are
 imφ

e
0
imφ
inφ
J1 (φ) = |xihx| e
+ |yihy| e
=
,
(8)
0
einφ


1 −(eipφ + eiqφ ) i(eipφ − eiqφ )
ipφ
iqφ
J2 (φ) = |LihR| e
+ |RihL| e
=
.
(9)
2 i(eipφ − eiqφ ) (eipφ + eiqφ )
Ideally, all light incident on J1 or J2 would be directed into the desired OAM mode. However,
in reality, the conversion enacted by metasurface J-plates is not unity, and there is always some
unconverted zeroth order light. While this may be weak for a single metasurface, it can become
significant when several metasurfaces are cascaded, resulting in lower contrast of measured TAM
states. Consequently, we add a grating phase term exp(ik x sin ζ) in the design to separate in
angle the OAM modes of interest from the zeroth order background; the converted light exits at a
tilt angle ζ and undesired light remains in the zeroth order. We set ζ = 10° for J1 and −10° for
J2 , respectively. In this way, the final output beam can propagate along the z-direction and the
non-design term can be blocked during the measurement. In the experiment, we choose m = 2,
n = 3, p = 2, and q = 4. Figure 2(c) shows the required phase profiles of J1 and J2 for the design
polarization as a function of position. Using the method presented in [31, 32], we obtain the
J-plate matrix from the phase profiles (φl and φs ) and orientation angles (θ) as a function of
position.

 −1
+
−
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The J-plates were designed for a wavelength of 532 nm but this design principle can be applied
to any wavelength [32]. The designed J-plates are realized with 600-nm-height TiO2 nanofin
structures on a glass substrate. Different lengths and widths of the structures result in different
phase shifts along the long and short axes (φl and φs ). The TiO2 nanofins are fabricated on fused
silica using electron-beam lithography followed by atomic layer deposition and etching [35].
Figure 2(d) shows scanning electron micrographs (SEMs) of the center sections of J1 (top) and
J2 (bottom). Since J1 operates on a linear basis of polarizations, the phase shift from the nanofins
relies on a propagation phase, resulting in size variation of the rectangular structures without
any rotation (θ = 0). In contrast, the phase shifts from J2 are implemented using a combined
propagation and geometric (Pancharatnam-Berry) phase. J2 consists of several different sizes of
rectangular structures with varying rotation.
To develop a full understanding of the TAM states that can be generated, we start
from Dirac notation and Jones calculus, where the Jones matrices J1 and J2 are written
in Eqs. (8)-(9). We assume the incident polarization state is a superposition of the two
eigen-polarization states of J1 , |xi and |yi, written as |Ψi i = |αx + βyi, where alpha and
beta are complex numbers chosen such that the incident polarization is normalized. Similarly,
the analyzer state is a superposition of two eigen-polarization state of J2 , |Ri and |Li, written as |Ψa ihΨa | = |γR + ηLihγR + ηL|. The state after J2 and before the analyzer can be written as
J1 J2 |αx + βyi = |Li hR|xi ei(m+p)φ + |Ri hL|xi ei(m+q)φ
+ |Li hR|yi ei(n+p)φ + |Ri hL|yi ei(n+q)φ .

(11)

The output state |Ψo i of J2 J1 after the analyzer can then be written as
|Ψo i = |Ψa ihΨa | J2 J1 |Ψi i
= |γR + ηLihγR + ηL| J2 J1 |αx + βyi
= C[γ(α |m + pi − i β |n + pi) − η(α |m + qi + i β |n + qi)] |γR + ηLi ,

(12)

where C is constant that normalizes the final state. Each parameter is in general a complex number.
In our experimental demonstration, m = 2, n = 3, p = 2, and q = 4. Therefore, the output state
|Ψo i can contain four distinct OAM states—|4i, |5i, |6i, and |7i—depending on the incident
polarization and the analyzer, that is, (α, β, γ, η).
In the field of optical orbital angular momentum and spin-orbit conversion, a so-called higher
order Poincaré sphere (HOPS) is used to visualize superpositions of OAM-carrying beams [36].
In this work, we develop the so-called "cascaded HOPS" that can represent all the output TAM
states as well in an intuitive, visual way. The cascaded HOPS consists of two higher-order
Poincaré spheres depicting the set of possible incident polarizations |Ψi i and the set of possible
analyzer polarizations |Ψa i, respectively. Therefore, a set of two points, one on each sphere,
represents a set of (α, β, γ, η) and consequently an output TAM state.
By inspection of Eq. (12), it is evident that depending on the values of (α, β, γ, η), the beam
|Ψo i can consist of a superposition of one, two, or four distinct OAM eigen-states. When the
incident polarization is one of the eigen-polarization states of J1 (either α = 0 or β = 0) and the
analyzer state is one of the eigen-polarization states of J2 (either γ = 0 or η = 0), only a single
OAM state emerges (a separable state). In general, however, the output contains two or four OAM
states, a non-separable state (three could occur if n, m, p, and q are chosen such that two of the
four OAM beams carry the same topological charge).
We examine the separable and non-separable outputs in Sections 3 and 4, respectively.
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Fig. 3. (a) These tables document the possible non-separable TAM combinations that can
be generated by the J-plate cascade, in this case with the light encountering J1 before J2 .
Measured intensity profiles (left) and interferograms (right) with a reference beam are shown.
The incident polarization state |Ψi i (|xi or |yi) and final analyzer state |Ψ a ihΨ a | (|RihR| or
|LihL|) producing the beams are shown at the top and left of the table, respectively. This
table is a key to determine the output beam with knowledge of the input polarization and
analyzer configuration. (b) An identical table corresponding to the case where J2 precedes
J1 , that is, J1 J2 |Ψi i. The corresponding incident states are |Li or |Ri and analyzer states
are |xihx| or |yihy| in this case.

3.

Single quantum number beams (separable states)

Characterization of the TAM states of a beam requires measurement of both intensity and
phase distribution. The intensity profile of a beam can be measured directly by projecting on a
camera, while the phase profile can be characterized using a Mach-Zehnder interferometer. A
532-nm-wavelength CW laser was used for the measurement. Figure 3 shows, in tabular format,
all possible separable states that the cascaded J-plate pair can generate. Figure 3(a) is for the case
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of J2 J1 |Ψi i, where the light passes through J2 after J1 . The images in the table are the measured
intensity profiles of TAM states (right) and their corresponding interference patterns (left). The
top row of the table records the incident polarization states (|xi or |yi) that form the eigen-basis
of the first J-plate J1 . Similarly, the left column of the table records the selection of analyzer
polarization states (|RihR| or |LihL|) that are required to isolate a particular separable state. The
top and left columns of the table also document the effect of J1 and J2 , respectively. When light
with zero OAM passes through the cascaded J-plates, the OAM of the output beam increases
to (m + p)~, (m + q)~, (n + p)~, or (n + q)~; all four possibilities are accessible depending on
the selection of incident and analyzer polarizations. The measured output states show annular
intensity profiles owing to the phase singularity on the beam axis, resulting in the convergence of
the spiral fringe pattern. As the OAM quantum number increases, this annular radius increases.
The OAM quantum number can be determined by counting the number of arms in the fringe
pattern. In this case, the SAM of the separable states is either +~ or −~ because of the circular
polarization states.
As mentioned above, the J-plates may be exchanged so that light encounters them in the
opposite order. Corresponding measurement results in the case of J1 J2 |Ψi i (that is, when light
encounters J2 before J1 ) are shown in Fig. 3(b). The generated OAM states are similar to that of
the first case (J2 J1 |Ψi i). Four pure OAM quantum numbers are possible (m + p, n + p, m + q, and
n + q) with circular incident polarization (either |Li or |Ri) and x-y linear polarization analyzers
(either |xihx| or |yihy|, just a linear polarizer). However, the SAM of the output states is zero
because of the linear polarization of the analyzer.
We note that the cascaded metasurfaces can convert any desired basis of orthogonal polarizations
to another, and this output basis is not constrained to be the complex conjugate (flipped handedness
version) of the other.
As is evident from Fig. 3, both the incident polarization and the configuration of the polarization
state analyzer influence the appearance and angular momentum of the output beam. As such,
both factors must be considered when conceptualizing the output on the HOPS, which usually
only depicts the effect of varying incident polarization with a fixed analyzer configuration.
4.

Superposition of TAM states (non-separable states)

As shown in Eq. (12), there are an infinite number of ways to generate non-separable states because
of the infinite possible configurations of the set (α, β, γ, η). Here, we focus on 3 cases: 1) The input
is varied while the final analyzer is fixed at an eigen-polarization state of J2 . 2) The polarization
state of the analyzer is varied and the incident polarization is fixed at an eigen-polarization
state of J1 . 3) Case 2 with an incident polarization that is not an eigen-polarization of J1 . The
cascaded HOPSs that the possible TAM states map onto for these 3 cases are shown in Figs. 4(a),
5(a) and 6(a), respectively. Each consists of two Poincaré spheres that represent the incident
polarization state (left, light red sphere) and analyzer state (right, yellow sphere). The output
angular momentum states are labeled on the sphere that represents the parameter varied in each
figure (either the input or analyzer polarization states). For instance, these are labeled on the
incident polarization Poincaré sphere in case 1 (Fig. 4(a)) but labeled on the analyzer Poincaré
sphere in case 2 and 3 (Figs. 5(a) and 6(a)). The spin (polarization state) information, however,
are labeled on the analyzer Poincaré spheres because the output polarization is always determined
by the analyzer.
In case 1, we fix the analyzer state as |Ri ((γ, η) = (1, 0), one eigen-polarization state of
J2 , the second J-plate), and vary the incident polarization state. The polarization state of this
fixed analyzer is shown on the yellow sphere in Fig. 4(a). From Eq. (12) we obtain the output
polarization state |Ψo i = C(α |Ri |4i − i β |Ri |5i). Six states (i-vi) are measured and theoretically
predicted, as shown in Figs. 4(b)-4(e), while the corresponding Poincaré sphere positions are
marked in Fig. 4(a) with small dots. When the incident polarization is one of the eigen-polarization
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Fig. 4. Beam profiles and interferograms produced when the input is varied and the final
analyzer is kept fixed. If |Ψa i = |Ri, from Eq. (12), |Ψo i = C(α |Ri |4i − i β |Ri |5i) with α
and β parameterizing the input polarization. (a) The cascaded HOPS representing possible
TAM states of J2 J1 while the analyzer state is fixed as |Ri. The cascaded HOPS contains
one sphere for all possible incident polarizations |Ψi i (light red sphere, left) and another one
depicting all possible analyzer polarizations |Ψa i (yellow sphere, right). The dots on the
left HOPS mark the results corresponding to b-e, with red denoting eigenstates and blue
denoting non-eigenstates. (b-e) Measured intensity (b), calculated intensity (c), measured
interferogram (d), and calculated phase profile (e) of the output states. The states in (b-e)
i-vi are marked as dots on the cascaded HOPS in (a). The white dashed circles in (d-e) label
the positions of off-axis singularities in the interferogram and phase profiles.

states of J1 (either |xi or |yi, labeled with red dots), the output state is a separable TAM state,
namely either |Ri |4i or |Ri |5i. When the incident polarization state, however, is an equal
superposition of |xi and |yi with different phases, as is the case when 45° , |Li, 135° , and |Ri
are incident, for instance, a phase shift is introduced between |Ri |4i and |Ri |5i. Figures 4(b)
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Fig. 5. Beam profiles and interferograms produced when the input is fixed and the final
analyzer is varied. If |Ψi i = |xi, from Eq. (12), |Ψo i = C |γR + ηLi (γ |4i − η |6i) where γ
and η parameterize the analyzer polarization state. (a) The cascaded HOPS representing
possible TAM states of J2 J1 while the incident polarization is fixed as |xi. Here the possible
TAM states are shown on the analyzer sphere. (b-e) Measured intensity (b), calculated
intensity (c), measured interferogram (d), and calculated phase (e) of the output states. The
states in (b-e) i-vi are marked as circles on the cascaded HOPS in (a). The white dashed
circles in (d-e) label the position of the off-axis singularity.

and 4(c) are measured and calculated intensity profiles of these states. Since the states (ii-v) are
equal superposition of two states, we expect |4 − 5| = 1 additional off-axis singularity, resulting
in a null (minimum) in the intensity pattern (Figs. 4(b)(ii-v) and 4(c)(ii-v)) and an off-axis fork in
the interference pattern (white dashed circle in Fig. 4(d)(ii-v)). The positions of calculated nodes,
and phase singularities in Figs. 4(c)(ii-v) and 4(e)(ii-v) match well to the measurement results.
We observe that the rotation angle of this intensity null (Φn ) is the same as the an-
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Fig. 6. Beam profiles and interferograms produced when the analyzer polarization is varied
and input is fixed at a polarization that is not an eigen-polarization state of J1 . If |Ψi i = |45◦ i,
from Eq. (12), the output state is |Ψo i = C |γR + ηLi (γ |4i − iγ |5i − η |6i − iη |7i) where γ
and η parameterize the polarization state of the analyzer. (a) The cascaded HOPS representing
possible TAM states of J2 J1 while the incident polarization is fixed as |45◦ i. (b-e) Measured
intensity (b), calculated intensity (c), measured interferogram (d), and calculated phase (e)
of the output states. The states in (b-e) i-vi are marked as circles on the cascaded HOPS in
(a). The white dots in (b-e) label the position of off-axis singularities.

gular coordinate (or angular separation shift) on the Poincaré sphere Θ. For instance,
the position shift from incident state (ii) to (iii) on the Poincaré sphere is Θ = 90° . In
turn, the null in the intensity pattern rotates 90° as well. The angular distance Θ can
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be any great-circle distance on the Poincaré sphere. For a superposition of any two OAM
beams with quantum numbers `1 and `2 , the null intensity rotation rate can be written in general as:
1
∂Φn
=
.
∂Θ
|`1 − `2 |

(13)

In the present case with |`1 − `2 | = 1, this is easily understood: The null intensity should rotate 2π
to the same position when the angular distance subtends 2π on the Poincaré sphere. Extending to
any OAM quantum number difference ∆`, the null intensity will rotate 2π/∆` for a change in
angular distance on the Poincaré sphere of 2π. This relation has been demonstrated along the
equator of Poincaré sphere in [33], and is now demonstrated along a line of longitude on the
Poincaré sphere here.
It is also possible to fix the incident polarization while varying the polarization state of the
analyzer. In the cascaded HOPS representation, this would correspond to a fixed point on the
incidence sphere (Fig. 5(a), left) and a varying position on the analyzer sphere (Fig. 5(b), right).
Figure 5 depicts measured results for this case, where the incident polarization state is kept fixed
as |xi ((α, β) = (1, 0), one of the eigen-polarization states of J1 ), and the analyzer polarization
is varied to generate TAM states mapped on the analyzer sphere. Six states (i-vi) are measured
and calculated shown in Figs. 5(b)-5(e), while the mapped positions are marked in Fig. 5a. In
contrast to Fig. 4, the spin (polarization state) and OAM information are labeled together on the
analyzer sphere because they are both determined by the analyzer in this case. When the analyzer
polarization is one of the eigen-polarization states of J2 (either |Ri or |Li, labeled with red dots),
the output state is a separable state given by |Ri |4i or |Li |6i. Changing the angle of the output
linear polarizer (|yi, |135◦ i, |xi, and |45◦ i) introduces a phase shift between |Ri |4i and |Li |6i
in the superposition. This yields two off-axis singularities in the phase profile (Fig. 5(e) (ii-v)),
two off-axis nulls in the intensity pattern (Figs. 5(b) and 5(c)(ii-v)), and two off-axis forks in the
measured interference (Fig. 5(d)(ii-v)). The rotation angle of the null intensity Φn experiences
half of the angular position shift on the Poincaré sphere, in agreement with Eq. (12).
Superpositions of 4 TAM states, the most general case for two cascaded J-plates, are also
demonstrated. Figure 6 shows one of the superposition cases of J2 J1 where the incident
polarization is fixed as |45◦ i and the analyzer polarization is changed. From Eq. (12), the output
state is |Ψo i = C |γR + ηLi (γ |4i − iγ |5i − η |6i − iη |7i). The generated superposition of 4
separable TAM states are mapped on the cascaded HOPS shown in Fig. 6(a). Since the incident
polarization is not one of the eigen-polarization states of J1 , both |xi |2i and |yi |3i are generated
from J1 and are incident on J2 . Neither |xi nor |yi are eigen-polarization states of J2 , resulting in
simultaneous generation of four kinds of non-separable TAM states. If we select either |Ri or |Li
as an analyzer polarization, only superpositions of two separable TAM states can be generated,
which is C[|Ri |4i − i |Ri |5i] or C[|Li |6i + i |Li |7i] respectively. In the most general case
where the analyzer polarization is a superposition of |Ri and |Li (points other than the north and
south poles on the Poincaré sphere), the output state consists of all four possible TAM states.
Figures 6(b)-6(e) show the experimental and calculated results. The white dots label the position
of singularities. The off-axis singularity number equals the difference of smallest and largest
OAM quantum number. This is because, in this case, there are 4 multiples of 2π in phase near
the center but 7 far away from the center. Therefore, three singularities can be observed in the
phase profile (Fig. 6(e)(ii-v)). Notably, there is no rotation symmetry between the states (ii-v) in
Figs. 6(b)-6(e).
5.

Vector vortex beams using the cascaded J-plate system

A scalar vortex beam is a beam with OAM having a uniform polarization distribution across
its wavefront. Vector vortex beams, on the other hand, have space-variant polarization in the
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plane transverse to the beam. The cascaded J-plates pair can generate vector vortex beams from
superpositions of separable states. Here we demonstrate 4 kinds of vector vortex beams using the
cascaded J-plate system and investigate their local polarization states.
Figure 7(a) shows the measured (top) and calculated (bottom) intensity patterns and
polarization state diagrams of the superposition of |Ri |4i and |Li |6i. In principle, different
polarization states are unable to interfere unless projected to a same polarization state using an
analyzer. If there is no analyzer, directly superposing TAM states |Ri |4i and |Li |6i results in
a sum of the two annular intensity profiles, an wider annular intensity profile, shown in Fig.
7(a). Because the annular intensity profiles of |Ri |4i and |Li |6i are different, we expect the
polarization state to change with radius. We can analyze any local polarization state by projecting
it onto 6 polarization states |xi, |yi, |45◦ i, |135◦ i, |Ri, and |Li (Fig. 5(b)). The Stokes vector at
® y) can be calculated from the 6 measured, spatially-varying power images
each position S(x,
®
P(x, y) [32]:
 Px  1 1
0
0 

 
 Py  1 −1 0
0 

 
 P45  1 0
1
0 
=
P® = 



P135  1 0 −1 0 
 P L  1 0
0
1 

 
 PR  1 0
0 −1
 

S® = (AT A)−1 AT P®

S0 
 
S1 
  = AS,
®
S2 
 
S3 
 

(14)

(15)

This over-determined linear system is meant to convey that the Stokes vector at each point is
projected onto six different analyzer Stokes vectors (the rows of A) in a way that can be inverted
® y) can be measured using a
in the least-squares sense. The vector as a function of position P(x,
camera with appropriate polarization optics placed in front. The yellow arrows in Fig. 7(a) show
the local polarization ellipse of |Ri |4i + |Li |6i, which is the result of sending |xi polarized light
onto the cascade of J1 followed by J2 , notably with no analyzer. The state can be understood
from Eq. (11). RCP and LCP respectively dominate the sense of rotation of the polarization states
at the inner and outer radius of the annular pattern, as expected. In the middle, RCP and LCP
components contribute equal intensity, resulting in linear polarization.
Figure 7(b) shows the results of superposing of |Ri |5i and |Li |7i (the result of sending |yi
polarized light onto the cascade of J1 followed by J2 , notably with no analyzer), where RCP and
LCP respectively dominate the inner and outer radius of the annular pattern as well. However, the
polarization diagram of each labeled position is quite different from Fig. 7(a). This is evident by
comparing the polarization ellipses in the white dashed circles labeled in Figs. 7(a) and 7(b). In
Fig. 7(a), the elliptical polarization shows an obvious combination of 135° and |Ri while in Fig.
7(b), it shows a combination of 45° and |Ri. This is a result of the different phases between the
superpositions of the two states, as can be seen from the Dirac notation of the state written in Eq.
(11). In Fig. 7(a), where the output state is J2 J1 |xi |0i, the phase between terms hR|xi and hL|xi
is π. In Fig. 7(b), where the state generated is J2 J1 |yi |0i, the phase between terms hR|yi and
hL|yi is 0.
Figures 7(c) and 7(d) show the superposition of |xi |4i and |yi |5i (the result of sending |Ri
polarized light onto the cascade of J2 followed by J1 , notably with no analyzer) and |xi |6i and
|yi |7i (the result of sending |Li polarized light onto the cascade of J2 followed by J1 , notably
with no analyzer). Linear polarization is observed at the upper left and lower right corner. RCP
dominates at the upper right in Fig. 7(c) and lower right in Fig. 7(d) while LCP dominates at the
opposite position. We note that it is possible to generate more complex vector vortex beams from
superposition of 4 separable states, such as J2 J1 |Ri |0i, J1 J2 |xi |0i, etc.
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Fig. 7. The measured (top row) and calculated (bottom row) intensity profile of 4 TAM states
and the polarization ellipse diagrams. (a) Superposition of |Ri |4i and |Li |6i produced by
J2 J1 |xi |0i. (b) Superposition of |Ri |5i and |Li |7i produced by J2 J1 |yi |0i. (c) Superposition of |xi |4i and |yi |5i produced by J1 J2 |Li |0i. (d) Superposition of |xi |6i and |yi |7i
produced by J1 J2 |Ri |0i.

6.

Conclusion

In this work, we introduced and demonstrated the notion of cascaded J-plates. Notably, the output
polarization states of these J-plates are not constrained to the complex conjugate of the input
polarization state, in contrast to previous work. With these cascaded J-plates, we demonstrate
versatile generation of TAM modes, including separable and non-separable TAM modes. We
also introduced the notion of the cascaded higher-order Poincaré sphere, which we use to map
our results. In all, the system of two cascaded J-plates can generate eight distinct separable states,
eight distinct superposition states of two separable states, eight distinct superpositions of four
separable states, and four varieties of vector vortex beams. In principle, the system can generate
an infinite number of non-separable states if we consider the cases of unequal superposition.
There is of course the possibility to cascade more than two J-plates. While a simple cascade of
two has been demonstrated here, the analytic methods we present can of course extend to more
than two cascaded metasurfaces. A single layer metasurface can be designed for generating any
one kind of TAM states or vector vortex beams. Cascaded metasurfaces offer more degrees of
freedom, namely variable incident polarization, variable analyzer polarization, and switching
the order of the metasurfaces, etc, to select or generate more possible TAM states, vector vortex
beams, and complex structured light.
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